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We propose and demonstrate, in the framework of the
generic mean-field model, the application of the nonlinear
Fourier transform (NFT) signal processing based on the
Zakharov–Shabat spectral problem to the characterization
of the round trip scale dynamics of radiation in optical fiberand microresonators. © 2020 Optical Society of America
https://doi.org/10.1364/OL.390630

The nonlinear Fourier transform {known as the inverse scattering transform (IST) in the mathematical literature [1–3]} is a
powerful method that has been invented and extensively used
for the description of the solutions of the so-called integrable
nonlinear partial differential equations. An important example
of an integrable model is the nonlinear Schrödinger equation
(NLSE) [2], which in the context of optics is related to the
description of nonlinear propagation of light in optical fiber
and many other applications. Recently, nonlinear Fourier transform (NFT) has been applied for the analysis of laser radiation
[4–7]. We would like to stress that this a rather nontraditional
application of the method, because conventionally, NFT is associated with the integrable conservative Hamiltonian models,
while lasers are strongly dissipative systems and laser dissipative
solitons substantially differ from solitons of the NLSE.
In Refs. [6,7] this concept was introduced, and it was demonstrated on several practical examples that compared to the
conventional Fourier analysis, NFT might offer a description
of optical pulses using a smaller number of variables (effective degrees of freedom) with acceptable accuracy. Here we
apply this emerging signal processing technique for analysis of the dynamics of nonlinear structures in the fiber- or
microresonators.
The master average model (here only anomalous dispersion) to describe the evolution of the slowly varying envelope
of the optical field in nonlinear fiber- or microresonators
{see for details [8–15] and references therein regarding the
Lugiato–Lefever equation (LLE)} reads
i

∂9 1 ∂ 2 9
+
+ |9|2 9 = (−i + ζ0 ) 9 + i f .
∂T
2 ∂τ 2

(1)
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Here 9(T, τ ) is a slowly varying field amplitude, T is a normalized slow time corresponding to the cavity round trips, τ is
a dimensionless longitudinal coordinate related to the angular
characteristic inside the microresonator (or the local time characteristic in case of fiber-resonator), ζ0 is the normalized laser
detuning between the pump laser frequency and the cold-cavity
resonance frequency, and f is the normalized pump field amplitude. Equation (1) is a mean-field equation [16–18] widely
known as the LLE, and the left-hand side of Eq. (1) presents
the integrable NLSE [2]. Note that Eq. (1) was originally introduced and studied in the context of plasma physics in [16], and
it was first derived in the temporal domain in Ref. [18].
A typical solution of Eq. (1) includes a CW background
90 (T) and a solitonic part 91 (T, τ ). The evolution of the CW
background 90 (T) over resonator round trips is given by
i

∂90
+ |90 |2 90 = (−i + ζ0 ) 90 + i f .
∂T

(2)

There are well-known stationary solutions in the form of
a constant CW background (see for details [8,10–13] and
references therein) that can be found by solving Eq. (2) with
∂90
= 0, yielding algebraic equation on the stationary back∂T
ground (I0 = |90 |2 ), I03 − 2ζ0 I02 + (1 + ζ02 )I0 − f 2 = 0. The
number of real roots is determined by the double
q inequality
3

2
f − ≤ f ≤ f + , where f ±2 = 27
(ζ0 (ζ02 + 9) ± (ζ02 − 3) ).
When f satisfies this inequality, there are three real roots (one
root is unstable); otherwise, there is only one real root.
When localized structures have scale much less than the
round trip (e.g., a single dissipative soliton or a set of solitons),
it is possible to separate dynamics of the stable background field
with nonzero boundary conditions (in τ ) from the evolution of
the localized in time (vanishing boundary conditions) soliton
content. This is because at large τ , the localized soliton component does not affect the background. Considering the solution
of the master model Eq. (1) as a sum of the uniform (in τ ) background 90 that depends only on T and the soliton (localized in
τ ) component 91 , we can separate the equation for 90 [Eq. (2)],
and the equation governing dynamics of the function 91 ,
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Fig. 1. Soliton solution in the case ζ0 = 2, f = 2, shown at T =
30, generated from the initial conditions 90 (T = 0) = 0, 91 (τ, T =
0) = sech(τ ): (a) intensity profile, (b) soliton power spectrum, (c) nonlinear discrete spectrum of the formed dissipative soliton.

i

∂91 1 ∂ 2 91
+ |91 |2 91 = R[90 , 91 ],
+
∂T
2 ∂τ 2

(3)

with the perturbative term R describing deviation of Eq. (3)
from the integrable NLSE that is presented by the left-hand side
of Eq. (3) having the form
R = (−i + ζ0 ) 91 − 2|90 |2 91 − 290 |91 |2
− 902 91∗ − 90∗ 912 .

(4)

However, we would like to stress that such an approach to
separate the equations to the CW and solitonic parts only works
when the CW part does not approach the unstable (due to the
modulation instability) upper state.
The NLSE is integrable [2], and its solutions can be linked
to the solution of the Zakharov–Shabat problem (ZSP) [2] for
potential 91 (T, τ ) with a spectral parameter λ = ξ + iη,
∂u
= −iλu + 91 (T, τ )v,
∂τ

∂v
= −91∗ (T, τ )u + iλv.
∂τ
(5)

We consider here localized fields 91 (T, τ ) with vanishing
boundary conditions at τ → ±∞. The spectral parameter λ
defines nonlinear spectra associated with the field 91 (T, τ ).
All details can be found in [2,3,19]; therefore, we only briefly
remind here the key points. The complete NFT spectrum of
the considered ZSP includes the following: (i) a continuous
spectrum that is defined on the real axis of the complex plane
Re (λ) = ξ by the complex function r (ξ ) = b(ξ )/a (ξ ), where
a (ξ ) and b(ξ ) are the so-called Jost coefficients, which are
computed using ZSP [Eq. (5)]; and (ii) a discrete spectrum that
is given by 4 × N real parameters (the set of complex-valued
eigenvalues {λn }, which are zeros of a (λ) in the upper complex
half-plane together with complex-valued norming constants
{r n }) [2,3,19]. The discrete eigenvalues correspond to a solitonic
part of the field distribution, with N being the total number of
solitons in the propagating signal 91 (T, τ ). The knowledge
of all the nonlinear spectral parameters (including norming
constants) allows us to recover the field 91 (T, τ ) for any T
and τ . The nonlinear spectrum evolves trivially with T in the
integrable systems; however, in the nonintegrable case, this is
not the case, as it will be shown below.
Further we solve numerically Eqs. (2) and (3) and use the
obtained data for nonlinear spectrum computation. Figure 1
presents an example of the nonlinear spectrum computed
by the contour integral method [20] [shown in Fig. 1(c)]
for a single dissipative soliton (here Fig. 1(a) depicts power
|91 (T = 30, τ )|2 , and Fig. 1(b), the Fourier spectrum of

Fig. 2. Dynamics of the nonlinear spectrum for the same conditions as in Fig. 1 shown as the evolution with T in the complex plane
λ = ξ + iη: the discrete spectrum (upper part) and the logarithm of
|r (ξ )|2 for continuous spectrum (counterplot).

the formed soliton |91 (T = 30, ω)|2 ), at the point T = 30,
generated from the initial conditions with 90 (T = 0) = 0,
91 (τ, T = 0) = sech(τ ). Stable stationary solutions
for 90
√
for the considered parameters ζ0 = 2, f = 2 are 90 = 1
and 90 = 2, respectively. With the chosen initial condition
90 (T = 0) ≡ 0, the background evolves to 90 ≡ 1 (this is the
case for all cases considered in this Letter). Nonlinear discrete
spectrum in this case has two eigenvalues.
Figure 2 illustrates evolution of the nonlinear spectrum with
T in the complex plane λ = ξ + iη, including both discrete
eigenvalues and the continuous spectrum. It is seen that during the first stage a single discrete eigenvalue corresponding
to the initial condition with the NLSE soliton is destroyed by
dissipative and conservative deviations R from the integrable
model and all energy is in the continuous spectrum. However,
near T ≈ 6, a generation of a new (dissipative) soliton starts.
During the next period after several oscillations, an asymptotic
dissipative soliton is formed that can be characterized with
good accuracy by just two discrete eigenvalues.
R ∞ Note, that for
the NLSE, the total field energy E t (T) = −∞ |91 (T, τ )|2 dτ
can be presented as a sum of a discrete (solitons) E d (T) and a
continuous (dispersive waves) E c (T) spectra,
N
X

1
4ηn +
Et = Ed + Ec =
π
n=1

Z

∞

log(1 + |r (ξ )|2 )dξ . (6)

−∞

We stress that we do not aim here to solve underlying equations, but rather to use NFT for signal processing and present
temporal signal in a basis with less effective degrees of freedom
compared to conventional Fourier presentation. The logic
behind this approach is that though LLE is a dissipative and
nonintegrable model, in its core there is an integrable NLSE
[left-hand side of Eq. (3)]. Therefore, NLSE-based techniques
might be inherently useful for analysis of the LLE solutions.
In particular, localized coherent structures that are not solutions of NLSE still can be well presented by just a few discrete
eigenvalues.
Figure 3 complements Figs. 1 and 2 and demonstrates in
more detail how discrete eigenvalues can be used to characterize the coherent structure: Fig. 3(a) shows building of the
stable background from initial zero condition; Fig. 3(b) depicts
3D evolution of the solution of Eq. (1) 91 (τ, T) during the
building of a single dissipative soliton. Figure 3(c) presents
dynamics with T of the discrete spectrum—the initial single
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Fig. 4. Solution of LLE for ς0 = 2, f = 2, with 90 (T = 0) = 0,
and 91 (τ, T = 0) = 4 sech(τ ): (a) intensity profile, (b) soliton power
spectrum, (c) nonlinear discrete spectrum of the formed train of solitons at T = 30.

Fig. 3. (a) Transition of the field 90 (T) to stationary asymptotic
value |90 |2 = 1; (b) 3D plot of the generation of a stable dissipative
soliton, solution of Eq. (1); (c) nonlinear discrete spectrum evolution
with T; (d) dynamics of the field 91(DS) (τ, T) reconstructed by the
nonlinear discrete spectrum shown in (c) at each point in T; (e) black
curve shows evolution with T (T > 3) of the fraction of the energy
containing in the discrete nonlinear spectrum E d (T) to the total
energy E t (T); red line corresponds to the relative integral L 2 -norm of
the difference between the field 91 and the field 91(DS) reconstructed
from the nonlinear discrete spectrum (c); blue line is similar to the red
one, but for the difference between the amplitudes of |91 | and the
reconstructed field |91(DS) |. Here are the same parameters and initial
conditions as in Fig. 1.

eigenvalue related to the soliton NLSE disappears due to perturbations imposed by R, and at the time T ≈ 6 corresponding
to the formation of a stable dissipative soliton, a new eigenvalue appears, following later by the second one with a lower
amplitude. These two eigenvalues characterize the formed
dissipative soliton with good accuracy. This is illustrated by
the reconstruction of the dissipative soliton 3D evolution from
just the two eigenvalues and the corresponding norming constants as shown in Fig. 3(d) (here we neglect the continuous
spectrum). It is seen a good agreement with the original field
in Fig. 3(b). Figure 3(e) further quantifies the reconstruction:
the black line corresponds to the energy fraction contained in
the discrete nonlinear spectrum E d (T)/E t (T); the red line
depicts the evolution of the relative integral L 2 -norm difference
between the original field and is recovered using
R the discrete
nonlinear spectrum defined as 11 (T) = [ |91 (τ, T) −
R
91(DS) (τ, T)|2 dτ/ |91 (τ, T)|2 dτ ]1/2 ; the blue curve is for
R
R
12 (T) = [ ||91 (τ, T)| − |91(DS) (τ,T)||2 dτ/ |91 (τ, T)|2
dτ ]1/2 .
Next, we consider more complex examples and outline the
potential and challenges in signal processing of such structures using NFT. Figure 4 shows the signal formed from the
initial conditions 90 (T = 0) = 0, 91 (τ, T = 0) = 4sech(τ )
(in this case, 90 (T) also evolves into |90 (T)| = 1): Fig. 4(a)
depicts a power distribution |91 (T = 30, τ )|2 at T = 30;
Fig. 4(b) depicts a Fourier spectrum of the formed soliton
|91 (T = 30, ω)|2 ). The nonlinear discrete spectrum in this
case has four eigenvalues [Fig. 4(c)].
Figure 5 shows 3D evolution of the nonlinear spectrum
with T in the complex plane λ = ξ + iη, including both the

Fig. 5. Same parameters and initial condition as in Fig. 4. Dynamics
of the nonlinear spectrum in the complex plane λ = ξ + iη: the discrete spectrum (upper) and the logarithm of |r (ξ )|2 for continuous
spectrum (counterplot).

discrete and the continuous spectrum during formation of a set
of dissipative solitons on the stable background from the initial
distribution 91 (τ, T = 0) = 4 sech(τ ). Formed three dissipative solitons can be characterized by four discrete eigenvalues.
Corresponding nonlinear continuous spectrum plays a role at
the first stage, but during further evolution, most of the energy
moves to the discrete spectrum.
A comparison of the directly computed solution of Eq. (3)
and a field reconstructed continuously with T from the nonlinear discrete spectrum [four eigenvalues shown in Fig. 4(c)] is
presented in Fig. 6. Namely, Fig. 6(a) shows the 3D evolution
of solution of Eq. (3) 91 (τ, T) in the plane (τ, t), and Fig. 6(b)
presents the field reconstructed only from the nonlinear discrete
spectrum 91(DS) (τ, T). It is seen that despite rather nontrivial multisoliton dynamics, especially at the beginning, four
eigenvalues give a relatively good approximation of the complex
evolution.
Figure 7 quantifies the process of reconstruction. The black
line in Fig. 7 shows evolution with T of the ratio of the energy,
which is contained in the discrete nonlinear spectrum to the
total energy E d (T)/E t (T). It is seen that a lion fraction of
the energy, after an initial transition interval, is in the discrete
nonlinear spectrum. This makes it possible to describe rather
complex dynamics of the solution of the (nonintegrable)
nonlinear partial differential equation with good accuracy by
only several effective degrees of freedom represented by the
parameters of discrete eigenvalues. Integral accuracy of the
approximation is characterized by the L 2 -norm. Namely, a red
line in Fig. 7 corresponds to the relative L 2 -norm of the difference between original field 91 and the field 91(DS) reconstructed
from the discrete spectrum shown in Fig. 5. The blue line in
Fig. 7 is similar to the red one, but for the difference between the
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approach can be extended to the periodic boundary conditions,
though many mathematical challenges have to be addressed (see
recent applications of periodic NFT in the context of optical
communications [25,26]).
Funding. Russian Science Foundation (17-72-30006);
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(EP/R035342/1).
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Fig. 6.
Same parameters and initial condition as in Fig. 4:
(a) numerical solution of Eq. (1) showing building up of the asymptotic set of dissipative solitons–intensity in the plane (τ , T); (b) similar
dynamics of the field reconstructed only from the four nonlinear
discrete eigenvalues shown in Fig. 4(c).

Fig. 7.
Black line, evolution with T (T > 2) of the ratio
E d (T)/E t (T) (black curve); relative integral L 2 -norm of the difference between the field 91 computed in Eq. (3) and the field 91(DS)
reconstructed from the nonlinear discrete spectrum (red line); blue
line is similar to the red one, but for the difference between the amplitudes of |91 | and the reconstructed field |91(DS) |. Here are the same
parameters and initial conditions as in Fig. 4.

amplitudes of the original field |91 | and the reconstructed field
|91(DS) |.
Note that reconstruction of a complex field with a nonlinear
spectrum containing a large number of discrete eigenvalues
might technically be challenging. Advanced numerical methods
for multisoliton solutions are actively developing now in the
context of the integrable turbulence (see for details [21–24]).
We anticipate that new effective algorithms will be available for
future NFT software toolboxes to make it a routine technique
for analysis of experimental data. Analysis of the experimental
data with NFT requires consideration of the normalization
choice as discussed in detail in a recent paper [6].
In conclusion, using the mean-field master model governing the evolution of optical combs in optical fiber- or
microresonators, we demonstrated how the NFT based on the
Zakharov–Shabat spectral problem can be applied to characterize generation and propagation of the coherent structures in the
case of a stable background. We have shown that the NFT-based
approach makes it possible to reduce the number of effective
degrees of freedom in situations when the dynamic is dominated
by the formation of coherent structures. The developed technique offers a natural framework for the analysis of localized
(in time) pulses embedded in the stable CW background. The
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