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We introduce a new, to the best of our knowledge, type of
band-limited optical pulse—soliton-sinc tailored to the
nonlinear Schrödinger (NLS) equation. The idea behind
the soliton-sinc pulse is to combine, even if approximately, a
property of a fundamental soliton to propagate without distortions in nonlinear systems governed by the NLS equation
with a compact band-limited spectrum of a Nyquist pulse.
Though the shape preserving propagation feature is not
exact, such soliton-sinc pulses are more robust against
nonlinear signal distortions compared to a Nyquist
pulse. © 2020 Optical Society of America
https://doi.org/10.1364/OL.402286

In many physical problems we deal with band-limited fields.
This can be due to the high level of loss outside of some spectral
window or artificially induced filtering of a signal. Band-limited
analysis can be applied to both temporal and spatial signals with
an appropriate change of notations. Here we focus on the temporal domain; however, the same idea can be applied to spatial
nonlinear problems.
In linear band-limited systems, the special role is played by
seminal Nyquist pulses, also known as sinc pulses. Nyquist
pulses possessing a rectangular frequency spectrum and having
no inter-symbol interference (ISI) present the mathematical
foundation of digital communications [1–3]. For continuous
temporal signals, the frequency spectrum of the rectangular
pulse corresponds to a sinc-shaped pulse in the time domain:
sin(kt)/(kt). The rectangular shape of the spectrum makes
Nyquist pulses particularly attractive for communication, providing for a dense packaging of the information in the spectral
domain, important for efficient wave-division multiplexing.
An important trait of the Nyquist pulses is the location of the
zero crossings that allows them to avoid ISI. Sinc pulse decays as
1/|t| at large |t|, which makes their practical implementation
challenging. Practical application of a Nyquist pulse requires
some sort of smoothening of sharp mathematical conditions
at the edges of the spectrum at the expense of broadening the
transition region. There are various implementations of Nyquist
pulses in practice, such as, e.g., raised-cosine pulse, rootraised cosine (RRC) [4], and also various improved Nyquist
pulses [5,6].
0146-9592/20/195352-04 Journal © 2020 Optical Society of America

The classical theory of communication assumes that the
spectral bandwidth of the signal is not changed during transmission. This assumption is evidently justified in linear channels;
however, nonlinear effects might break this basic conjecture.
The optical fiber is a well-known example of a nonlinear (when
the accumulated nonlinear phase shift is large enough) system,
with enormously high bandwidth. The propagating field with
the initial spectrum—much narrower than the whole window
of fiber transparency—can experience substantial spectral
broadening, leading to fascinating physical effects such as,
e.g., formation of a supercontinuum [7,8]. In general, optical
fiber communications is governed by nonlinear channels that
deviate from the classical linear white-Gaussian noise channels
in which sinc pulses are widely used. Nonlinear propagation
effects lead to signal distortions that are absent in linear systems.
Carrier pulses (like sincs) that are optimal in linear channels are
affected by nonlinearity that not only deforms signal shape, but
also breaks orthogonality, leading to ISI. This effect is especially
profound at high signal powers. Therefore, the search for optimal carrier pulse shaping in nonlinear channels is still ongoing.
A nonlinear fiber channel can be approximated in certain limits
by the nonlinear Schrödinger (NLS) equation with additive
noise [9]. The NLS equation is an example of the nonlinear
model integrable by the inverse scattering transform [10].
Moreover, the NLS equation is a very generic nonlinear model
that occurs in different areas of science (see e.g., [9,11–14]
and numerous references therein). Therefore, we consider here
the NLS equation as a master nonlinear model to illustrate the
general concept that can be applied in various areas.
In this Letter, we consider propagation of a band-limited field
in the nonlinear system governed by the NLS equation with
a much broader spectral range compared to the initial signal
bandwidth. We compare nonlinear spectral distortions for
several band-limited pulses. We introduce a new family of bandlimited pulses that have propagation properties adjusted to
the NLS equation—soliton-sinc pulses. Though the proposed
signal waveform potentially might be useful in communication
systems covered by the NLS equation model, we focus in this
Letter on the general properties of such pulses that might have
applications in different areas.
Without loss of generality, we use here terminology corresponding to temporal signal evolution with distance, similar to
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the case of nonlinear fiber optics. The seminal NLS equation,
written in the normalized form
i

∂A 1 ∂ 2 A
+
+ |A|2 A = 0,
∂z 2 ∂t 2

(1)

has a well-known fundamental soliton solution [sech(x ) =
1/cosh(x ) notation often is used in the soliton community]:
 
 
1 exp[i z/(2τ 2 )] 1
t
iz
A sol (t, z) =
×
sech
.
= × exp
2
τ cosh(t/τ )
τ
2τ
τ
Soliton pulse width at half maximum is expressed through the
parameter
R τ as TFWHM ≈ 1.76τ . A normalized soliton energy
E sol = |A sol |2 dt = 2/τ . It is well known that a soliton pulse
propagates in the systems governed by Eq. (1) without distortion of its shape despite nonlinearity. The key idea behind the
proposed soliton-sinc pulse is to have a band-limited signal,
while trying to preserve as much as possible the robustness
inherent to solitons during propagation in nonlinear media
described by the NLS model.
We consider for comparison the normalized soliton pulse,
introduced above, and sinc pulse A sinc with intensity
Isinc (t) = I0 ×

sin2 (Bt/2)
.
B 2 t 2 /4

Spectral power for the normalized (as above) soliton reads
Isol (ω) = |A sol (ω)|2 =

1
4cosh2 (ωπ τ/2)

.

We introduce soliton-sinc pulse A S S (ω) in the frequency
domain in the following way. Soliton-sinc has a soliton spectral
shape (A S S (ω) = 0.5 sech(ωπ τ/2)) in the interval |ω| ≤ B/2
(soliton feature) and has zero power elsewhere: A S S (ω) = 0,
when |ω| > B/2 (Nyquist pulse characteristic). Respectively, in
the time domain, soliton-sinc takes the form


Z
1
1 B/2 exp(−iωt)
t
dω =
A ss (t, t0 , B) =
f ss
, Bt0 ,
2 −B/2 cosh(ωt0 )
2t0
t0
(2)
where t0 = π τ/2 ≈ 1.57τ , and the dimensionless soliton-sinc
waveform is defined by the function of two variables, x = t/t0
and y = Bt0 :
Z y /2
exp(−isx)
f ss (x , y ) =
ds.
−y /2 cosh(s)
Figures 1(a) (time domain) and 1(b) (spectrum) depict three
pulses of the same energy: Nyquist pulse (dashed blue line),
soliton (short-dashed red), and soliton-sinc (solid black). Both
sinc and soliton-sinc have characteristic oscillating tails. Here,
the soliton parameter τ = 1.0, which corresponds to t0 ≈ 1.57.
Figure 2 depicts the soliton-sinc waveform A ss (t, t0 ) for
B = 2.9 and varying t0 . It is seen that as t0 changes from zero to
a large value, the soliton-sinc shape evolves from the Nyquist
pulse to a pure soliton. Four same-energy pulses shown in
the lower part of Fig. 2 correspond to the different values of
t0 = 0.75, 1.5, 2.25, and 3.0. Though unlike for Nyquist pulses
we do not expect the orthogonality and zero ISI for solitonsincs, it might be beneficial to suppress ISI between at least the

Fig. 1.
Normalized sinc (dashed blue), soliton (short-dashed
red), and soliton-sinc (solid black) pulses in: (a) time domain and
(b) spectral domain. Here B = 2.9.

first several neighboring pulses. Therefore, we examine now the
positions of the first zeros x k of the equation f s s (x k , y ) = 0, as
shown in Fig. 3. This implicit equation has solutions x k = g (y ),
and, respectively, tk = t0 g (Bt0 ) depends on t0 and B. Using
these two parameters, it is possible to manipulate positions
of zeros. For instance, considering the distance between two
neighboring soliton-sincs to be T (and similar to sinc, assuming
T = 1/B), we get tk = t0 g (Bt0 ) = T = 1/B, which defines, for
each index k, implicitly τ = h(B), which ensures that solitonsinc zeros are located at the neighboring pulse maximum. To be
able to change the amplitude of soliton-sinc (defined by τ ) while
holding the condition that zero in the oscillating wing is in the
center of the neighboring time slot, we can use second and third
zeros.
Figure 3(a) shows a normalized soliton-sinc pulse with
t0 = 1.25, B = 2.9 (the choice of B is somewhat arbitrary;
B = 2.9 for τ = 1 is close to the bifurcation condition x 1 = x 2 ).
Points x k = tk /t0 with k = 1, 2, 3, 4, 5 correspond to zeros of
the soliton-sinc. Figure 3(b), which is a cross section of Fig. 2
(top) defined by |A s s (tk , t0 )| = 0, depicts positions of zeros as
functions of the parameter t0 . A tongue-like structure of solutions with bifurcation points corresponding to the convergence
of two branches makes x k piece-wise functions of t0 .
In the NLS equation, any initial pulse without temporal
phase variation asymptotically
evolves into a soliton provided
R
that the condition |A(t, z = 0)|dt > π/2 is satisfied [15].
However, we consider here propagation distances shorter than
required for soliton formation. During this intermediate stage
of nonlinear evolution, the waveform and the spectrum of the
signal can be changed dramatically from the initial ones. To
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illustrate the relative robustness of the soliton-sinc during nonlinear propagation, we compare its spectral dynamics to sinc and
RRC waveform, often used as a practical approximation of the
Nyquist pulse. The RRC pulse is defined as [4]

|ω| ≤ (1−ρ)

 1, h
2Ts

i
A RRC (ω) = cos π Ts |ω| − (1−ρ) , (1−ρ) < |ω| < (1+ρ) ,
2ρ
2Ts
2Ts
2Ts


0,
else
(3)
where Ts = 1/B is the time slot, and ρ is the roll-off factor.
Figure 4 shows nonlinear evolution with distance z of the
power spectral density of Nyquist [Fig. 4(a)], RRC [Fig. 4(b)],
and soliton-sinc [Fig. 4(c)] pulses (same energy). It is seen that
both Nyquist and RRC pulses undergo substantial deformation
from their initial rectangular shape into oscillating breatherlike spectra, while soliton-sinc experiences similar, but visibly
smaller, distortions of the spectrum, holding approximately
the same spectral shape. Note that the spectral energy leakage outside the initial bandwidth for soliton-sinc is slightly

Fig. 2. Temporal shapes of a soliton-sinc pulse A ss (t, t0 ) for B = 2.9
and varying t0 . Upper figure shows evolution of the soliton-sinc shape
from pure sinc (at t0 = 0) to soliton (in the limit of large t0 ). Four figures below depict projections of the upper at fixed t0 = 0.75, 1.5, 2.25,
and 3.0.

Fig. 3. (a) Soliton-sinc pulse and its five first zeros, B = 2.9.
(b) Dependence of x k , k = 1, 2, 3, 4, 5 on the parameter t0 .

Fig. 4. Evolution of the power spectral density |A(z, ω)|2 for the
Nyquist pulse (a); RRC pulse (roll-off factor ρ = 0.1) (b); soliton-sinc
pulse (c). Here τ = 1/10, B = 20.
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Mathematically speaking, for soliton formation, the Zakharov–
Shabat spectral problem [10] solved for a particular initial field
should have a single eigenvalue that corresponds to a soliton
solution to the NLS equation. However, when the propagation
distance is smaller compared to the typical soliton formation
length, it is of interest to find intermediate regimes of stable
nonlinear dynamics with effectively limited bandwidth.
We introduced here a new class of the band-limited pulses—
soliton-sinc—tailored to the NLS equation. The proposed
pulse inherits from a fundamental soliton a nonlinear tolerance (though a pure shape preserving property of the soliton is
replaced in the heir—soliton-sinc pulse—by a reduced level of
nonlinear distortions) and has a limited bandwidth of a Nyquist
pulse. Though the shape preserving propagation feature is not
exact, the proposed soliton-sinc pulses are more robust against
nonlinear distortion during propagation compared to pure
sincs. Nonlinear pulse shaping using optical fiber dynamics is
a fascinating area of research (see, e.g., [16–18] and references
therein), and band-limited nonlinear pulses can be an interesting new direction. We anticipate that the proposed pulse might
find applications in different fields where the NLS equation is
used as a master model.

Fig. 5. Temporal evolution of sinc pulse power |A(t, z)|2 (a) and
soliton-sinc (b) shown in the logarithmic scale. Here τ = 1/10,
B = 20.
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